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NATIORAL ADVIEOE! CONMITTER FOR ARRONAUTIOS

dee e ADVANCR- RESTRIOTED REPORT. _ ...

A MBTEOD OF CALOULATING BENDING STRESSES DUE TO TORSION

r . By Paul Kuhn
SUMMARY

A method is described for analyzing bending strosses

~due to torsion in & box with variable crose section and

lopding by means of a recurrence formula leading to a set

of equations identical in form with the well-known three-

moment equations. TFormulas are given to deal with specilal
features such as full-width cut-outs and carry-through
bays. In conclusion, an epproximate form of the general
method of analysls 1s presented that eliminates the need
of solving a eystem of equations. The simplified method
1s sufficlently accurnte for moet requirements of practl-
cal stress snalysie and may be applied without knowledge
of the general method. HNumeriocal examples 1llustrate all
procedures.

INTRODUCTION

The basic strength element of many wings 18 A box of
approximptely rectangular oross sectlon, When such a box
18 londed by torques, the walls are subjected to shear
stresses that can be caloulated by the well-known formula
for shells in torsion. In addition to the primary system
of shear stresses, locallged systems of secondary stresses
are sot up in the vieclinity of concentrated torques and of
discontinulitias of the croes-sectional dimensions. These
secondary streess systems are froquently referred to as
bonding stresscs duo to torslon, because thelr rosultants
Aaro bonding moments in the planes of the walls, Acconpa-
nied by the shear forces necessary to ocnuse spanwlse varl-
stions of the bending moments.

In aoctunl wing etructures, the spanwise variations
of loading and of eross-sectlonal dimensions cannot be
reprosonted very well by simple mathomatliocal expresslons.
General methods of calculrting hending etresses due to
torsion therefore use the familisr procedure of dividing
the box into bays suoh that the cross-sectional dimenslons




and the torquos may be assumed constant within each bday.
The foundmtlon for euch general methods was laid by Edner
in a comprehensive paper (reference 1); subsequent authors
have followed Ebner's lead more or less closely..

Numerloal ealculations made by Ebner nnd othere lead
to the conclusion that bendlng stresses due to torsion
are of practical i1mportance only when the discontinuities
of the loadling or of the dimenslons are very marked. The
distribution of the londing and the dimensions of the
cross sectlons at n éistance from the dlscontinulty have
only n negligible influence on the stresses At the dla-
continulty., Advantage could be taken of these facte to.
reduce the numerlesl work required for estimatlng the max-
inmum stresses In tho vicinity of mnjor discontinultles 1f
formulae were avellablo free of Ebner's assumptlion that
no ribs oxist within a bay. Such formulas aAre devoloped
in thls paper by a mothod that combinos parts of the meth-
ods of Ebner (reforenco 1), BRelssner (roeforence 2), and
Grzedziolskl (roforonce 3).

Tor tho final strose Analysis it may be desiradle to
divido thc boam into short bays; numorical dilfficultics may
thon bo cncountorcd in the applicntlon of tho formulas.
Parallol formulas aro dorivod, thoroforo, bascd on the as-
sunmptlon that tho bays are very short. This assumption
londs to tho same rosults as the assumption that no ribvs
oxiegt within the bays, which 1s Ebnor's baslc mssunmption,
nnd tho formulae roproront a special caso of Ebnor's
thoory.

LNALYSIS OF A BOX WITHOUT CUT-OUTS

Gonoral Considorations

Synopsls of problem spnd pProcedure.- The problem to be
investignted may be stnted as followe: Given A box beam
such as shown 1n figure 1 subjected to the actlon of
torques concentrated st certaln bulkheads, find the stress-
es caused by the torques. .

The cross sections are assumed to be rectangular and
doubly symmetrical. The shaves of the cross sectlons ars
assumed to be malntnined by ribds or bulkheads rigld in
thelr own planes, The derivation of the formulse 1is facll-
it~ted somowhnt if the actual cross sections of the box
pre trensformed into eimplified cross ssctlons of the type
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shown in -figure 2.  The walls of _the:.gimplified seoctlens
are asgumed t0 carry only shemr stresses T, the gorner
flanges only normal stresses o. The trangformation im-
Pliss no assumptions other than standard ones on stress
distribution and 1s dircussed in tho appendix.

The box boam under torque loads is a statically inde-
terminate structure. A statiecally determinante structure -
is obtainoed dy cutting the redundant memboers at the sta-
tions where the torques are applied and where the dimen-
slons of the cross sectlon change, thus dividing the box
into a number of bays. The four flanges are chosen as re-
dundant members in accordance with Ebner's method (refer-
ence 1), Tor remsons of static equilibrium, the redundnnt
forces form g doubly antleymmetriceal group of four forces
X at each statlion (fig. 3). Under the action of the
torques T and the forces X, ench individual bay de-
forms as indlicated by the dashed lines 1n filgure 3; the
magnltudes of the forces X nrae caleculated by the princi.
ple of consistont deformations of adjacent days.

Two sets of formulas =re glven for the Btresses in
and the deformations of An 1individuml bay. The first soet
1e bnsed on assumption A +that no intermeodlate ridbs ex-
i1st within the bay; the second set 18 based on assumption
B that closely spaced intermediate ribs exist within the
bay. The formulas obtalned under assumption B ars more
general nnd reduce to the corresponding formulas obtained
under mssumption A in the limit as a characteristic
parameter Ka Aappenring in the formuless approaches gero.
The rpproximate method of anerlysls described at the end
of tho peper ls based on assumption 3B,

Sign conventiong spnd notstione.- Bxternal torques T
aro positive when acting clookwise viewed from the tip.
Forces X are positive when acting in tho directions
shown in figure 3. ©Shear etrosscs T are positive when

‘actlng in the directlon of shear strosses caused by posi-

tive torques. Normal stresses o nre positive when
cnused by positive X-forcos. Tho warping deformatlions w
aro positlve 1in the directions indicatod by the dashed
linos in figure 3, that 18, 1n the directions of positivo
X.forces acting on the outboard ends of the bays.

A .coordinate =x 1ig noodod only for formulas dealing
with an individunl bay. Tho orlgin 1s taken at tho out-
board end of the bay under comsideration (fig. 3). :



Bays and stations aroc numbered as shown in figure 4.
Buporscripte ldentify tho force causing the stress or the
doformation whenever definite idoentification is desiradlo.
SBubscripte 1 =and 5 doenote the inboard and outboard
ends, respechtively.

"St4resses in an Individual Bay

Each individual bay 1s acted upon by three independ-
ent sets of lomds: pa-torque T on each end, a group of
forces xi at the indoard end, and a group of forces X,

at the outboard end. Tormulas will be glven for the

stresses caused by each load individually; the final

stresses are obtalned 1n each case by superposing the
stresses caused by the three sets of loads.

Stresses cmused by torgue.- The shear stresses met up

by the torque acting on a glven bay are given by the fa-
mllier formula for ehells in torelon and are, with the no-
tation of figure 2,

_m
™ = Zvoty
(1)
o
Te = 2bot,

The Zormulas are valild for bays without intermediate ribs
(aesumpticn A) as well as for bays with intermediate ribds
(assumption B). No stresses O are set up in the flanges
vhoen a bay 1s loaded by pure torques.

. Stresses caused by X-forces in a _bay without interme-
diagte ribg.- A group of X-~forces acting on one end-of a
bay sets yp normal stresses ¢ 1n the flanges and shear
strosses T 1in the walls, The sign convention adopted
makes 1t necessary to distinguish a group X; applied at
the inboard end and a group X, appiled at the outboard
end of tho bay.

In a tay without intermediete bulkhcade, the shear
stressos cansed by an X-group cannot vary spanwise bo-
causo spapuvlse varlations of the shear strees in a bday
" can bo effectod ouly by bulkheads transferring shear
strosses from one pair of wrlls to tho other pair. The
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shear 'streeses being constanmt, -the-flange foroes vary
linocarly along the bay (fig. 5), and tho flango strosses
caused by'an lnboard group and by an outboard group of X-
forces are glven, rospectively, dy the formulas

o= E%i- (2)
o = (_E:%x_o. (3)

The rhear stresses are obtained by applylng two equations
of equilibrium, The condition IXT = 0 applicable to any
eross gsectlion of the bay gilves

Tpbpbdo + Totgbo = 0 (4)

The condition XX = 0 apvlied to a flange acted upon by
an X-force at the inboard end glves

X4 + Tptpya -~ Totea = O (8)
The combinatlion of equations (4) and (5) yields the result
Ty = -X3/2aty
(8)
TO = xi/zatc

When the forces X are applied at the outboard end of the
bay, the stresses are

: Ty = Xof2aty
(7)
‘l'c = —IOIZatc
Stregyses cgused Ddy X-ﬁg;ggg in g bay with intermediste

ribg.~ In a bay with intermediate ribs, the shear stress
variees spanwise (fig. 6). The equation of equilibrium
X = 0 for the flange must therefore be wriltten in the
form

do .
A iz + Tptp = Tete =0 (8)

which yields on dlfferentiation




2 ar ar
A d',____: + by -3 _ te —l = 0 (9)
dx dx dx

The shear strains of the walle are obtalned by adding the
strains caused by twisting end the stralns caused by warp-
ing. If ©0 denotes the angle of twist,

c df 2w

Tp = + 2 ax 3
(10)

c 2 dx c

Elimination of %% from equation (10), differentiation,

and multiplication by the shear modulus G glves

aT aT d
b b -c e - . 4G ..1 (11)
dx dx dx

Now %i =~% by fundamental definition, where E 18

Young's modulus, and Tot, = - Tpt, by equation (4). 8Sub-

stitution of these expressions in equation (11) and then
in equation (9) yields the differential equation

dx®  AE(b/ty + c/t,)

With the boundary conditions o =0 at x = 0 gand

o =X/Ay at x = a, valid for an X-group acting at the
inboard end of the bay, the solution of the differentlal
equation 1s )

X; sinh Kx
O = (13)
A ainh Kg

and by analogy for an X-group at the outboard end

X, sinh K(a-x)

o = (14)
A sinh Xa
wvhere the parameter K 1s defined by the equation
s 8¢ (15)

T EE(v]ty + oftg)
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The shear stresses caused by an X-group acting on the bay

" mey ‘now be 'found by--substituting the value of o given by

formula (13) ‘or (14) in formulas (8) and (4); they are

X4K cosh Kx |
Ty = = 3%, elak Ka' | _
> e (16)
_ X4K cosh Kx '
Te = Zt, sioh Ka

o

T = X,X cosh K(a-x) A
® 2ty sinh Ka
> (17)
XX cosh K(a-x)
T = -
c 2t sinh Ka
Cc >

Deformations of an Individual Bay

Principle of caleculation.~ Under the actlion of the
torquos and of the grocaps of X-forces, tho end crose sec-
tions of an 1Indiviédunl bay warp out of tholr orl¥rinal
plsros (fi~, %), Tr> marnitude w of tho warpling will bde
calzuiated by vtao mothod varlously called method of inter-
nal work, metihel of dummy unit locsding, method of virtual
work, ete. Tkie method invelvos tkroc operations: Firset,
the ntrossve ¢ and T caused by wno apviled lonads are
calculated. Sccond, a force or a systom of forces U
(unit force) is applied in the ajireciion ﬁf tho deforma-
tlcen sought, and tho stresses © and T causcd by the
forco U are calculated. Third, the deformation 1s cal-
culatcd by ths principle that tho extornal work dono by
tho uvunit forcoe mugt equal the intornal energy stored by
virtue of the oxistence of the unit force; thias princilple
is statod 1n tho equntion

IUw =H/C/C/h$%5 av +!/C/:/h1%3 av (18)

where V 1g the volumo of the stressed materlal; the sum-
natlon slgn deslgnates that U may de a group of forces,




‘The warping of a cross section 1s doudly antisymmet-
rical (fig. 3). The dummy unit loadings employed in this
perticular problem consist therefore of doubly antisymmet-
rical groupe of four firces U sgeimilar to the X-groups
chosen as the redundancies of the statically indeterminate
system. The streeses caused by the dummy unit lomds U
can therefore be calculated by the formulas for stresses
cruged by X-forces; cere must be taken, however, to use
the slgne 1n sgreement with the elgn conventicns.

¥arping ceuped by torgue.- The stresses caused by a

toroue T nActing on A bny sre by equation (1)

1
O0=20
T
= 19
Ty 2bctb$ (19)
. _T
Te © Zvct,

In ordor to compute the werping et the outdboard end of tho
bay, o dummy unlt load consisting of four forcos U 1is
introduced st tho outbcard ond. Under the sssumption that
no 1nt?rmodiate ribs oxist 1n tho bay, tho strosses o
and U caused by these U-ferces can be computed by sudb-
stituting U for X, 1in formulae (3) and (7). The results
are
q
GU _ U(g-x)

Ag

(20)

v

7 T
c

—U/Zath

The expressions for o, T, &U, and 'rU glven by formulas
(19) and (20) =re now substituted in equation (18) and
glive

X=a
T U
4Uw, = 2'/P T ooty 2aty Drbéx | _

x=0
x=g

1t (L. D)
= - tedx
+ 2_]/’ G Zbct, \ Zatg/ o °

x=0
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""which yleids én 1nfegration - - e

P s @) @

This derivation of the formule was glven for the specific
case of warplng at the outboard end of a bay without 1n-
termediate ribs. The formula is not restricted to thise
case, however; 1t applies to bays without or with interme-
diate ridbs, and 1t gilvee the warping at the inboard end as
woll as at the outboard end. This fact can be verified
easlly by subetituting the proper stresses T in equa~-
tion (18) and integrating; 1t can alasm be deduced directly
from the faot that the shear etresses caused dy a torquo
are not affected by lntormoecdlate ribds.

¥arpin X- +—~ Tho warplné at the out-

board end of a bPay caused by an X-group nctling st the out-
besrd end may be wrltten in the form

o = PX, (22)

where the coefflclent p 1s obtained by aprlylng equation
(18) in the form .

X=a X=n

U
. o0 T.T
4w, = 4 r S 4 ax + 2 /P Dy, ax

!
x=0 x=0

By eubstlituting in this equatlion the froper formulas for
the stresses and integrating, the coeffiliclent p 18 found
to be, for a bay without intermediate ridbs,

= —--l-_ 3
P 3AE BGa ( . (23)

and, for a bday with intermedinte ride,




2KAR 8lph? K

+~§-<cothxa.+-—£a——_—_ 2, e
166 einh?® Ka/ \tp %,

- coth Ka
EAR

p=—l— coth Ka——K—a———-—)
a

(24

The warping at the inboard end caused by an X-group at the
inboard end is

wg = —pX, (25)

where p 18 given by expression (2%) or (24), as the case
may be,

The warping at the-inboard end of a bay caused by an

X-group acting at the outboard .end of the bay may be writ—
ten in the form

Wy = qxo (26)

By substltuting the proper stress formulas in equation (18)
andi integrating, the coefficliont q 1s found to be, for
2 bay without intermediate ribs,

= a 1 b c
= - + ——————— —
d 64E = 80Ga (tb * tc> (27)

and, for a bay with intermediate ribs,

g = — 1 _ 1 + Ka_cogh Ka
2KAR sinh Ea sinh® Ka

+ E 1 + Xa cosh Ea /v _ ¢
16G \slnh Ka 8inh?® Ka ty to

1
EAR ginh Ka (28)

The warping at the outboard end of a bay caused by an
X—group acting at the inboard end 1s given by the oxXpres—
slion

wo = —aX, (29)
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The general formula (24) for .a bay with many ride re-

"-3tces t6 the' special formule (23)-for a bay without: in-

termediate ribs in the 1limit when the parameter Ka ap-
iroaches gero., Simllarly, formule (38 reduces to formule
27) when Ka approaches gero, When the parameter Ka

.becomes very large, formulas (24) and (28) simplify to

a % L (lL. JL) 1 30
P = 2EAE T 166 \bp b,/ T Fam - (30)

-

Tormulas (30) and (31) are sufficlently accurate for most
practical purposes when Ke > b and may be used as approx-—
imaticae vhen Xa > 3. -

In crder tc éimplify tho numerical evaluatlon of for-.
mulaes (24) and (28), they may be written in the form

.- a 1 /b o ' '

P = — C! 4+ (—— + ——) cH (32)
ZAR 8Gn \bty b, ,

. = _ 8 ' 1l rsb. .0 D". ' 33

1 sz ° ¥ Gea (tb * tc> (38)

The coofficlonts C!', C", D', and D" are given in figure 7.

Recurrence Formula for the Calculation of X-Foroces

Dexlvatlon of recurrence formula.~ According to the
principle of coneiatent deformations, the warpling at the

inboard end of one bay must be egqual to the warping of the
ad jacont outboard end of the next bay. The warping at
the 1lnboard end of bay n, that 1s, at statlon n, equals

Vo, = ¥a' = PpXy + ap¥n s - (34)

ny

In this expreesion, the subsoripts n and (n-1) of the
forces X designste the stations at which the foroces act,
whereas the subecript =n of w, p, and q deeignates the
bay under consideration. The warplng at the outboard end
of bay =n+1 equals |
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: o )
'(n+1)° T Ypei TP X 4 x (35)

Bquating formulas (34) and (35) and rearranging the terms
yilelds the recurrence formulsg

dn Xpoa = (Pp + Pnsa)En + Qpiy Tpgr = =Wl + wyy,T (36)

By £iving 1n successive values from n =1 %o n = r,
there 18 obtalned a set of esquations, each of which con-
tains three of the redundant force groups X, There 1@

one equation for each statlon except station O at the tip.

Scundam'conditions.- The tip of s box beam is normally
free from axial loads or restraints; the forces X at the
tip are therefore zero, and the first equatlon of the sys~
tem 18

~ (py, + p3) X, + ga%; = "fr + waT (37)

Whon a beam is attached to a rigid foundation (fig. 1),

the foundation may be considered a bay (r + 1) having in-
finito shear stiffness and infinlte axlal stiffness, there-
fore

w T

41 = Ppyy = GQpyy =0

eand the laet equatlion of the system becomes
Ay #p_1 = Prér ¥r

The condition of a rigid foundation may exist in a practi-
cal structure by virtue of symmetry (fig. 8).

The torque reaction i1s fregquently located at a die-
tance 4 from the plane of symmetry (fig. 9), and the
forces X, are transmitted from the root of tne wing to

the root of the oppoelte wing by carry-through membors
having axlal stiffnesses AE. The last squation of the
system for this caso can be written by lnspection as

- ! = -y T
UXpoy = Pp Ep = -W, (39)

where a
p_.' =p_ + i (40)
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YT T ARXLYSIBE OF A BOX WITH FULLLWIDTE G6UT-0UTS
Generpl considerations.-~ In actual box beams, full-

width ocut-vuts nre often necessary (fig. 10). If the reglon .

of the cut-out 1s conslidered a bay and if the standard pro-
cedure 1g used for rendering the structure statlically de-
terminate by cutting each flange mt each station, 1t will
be found that the remalning structure 1s lncapable of ocar-~
rying lond The cut-out region can transmit torque only by

two-spar or beam actlon of the two active walls. (The wall

oppoelte the cut-out 1g lnactlve bYecause it can carry no
shoar loads for reasons of statlc equilibrium.) Beam action
requires active participation of the flanges; it 1ls there-
fore not permissible to out them at.beth ends of the cut~
out region, and the proceduro 'of rendering the structuro
dotermingto must bs nmodifiocd., The modification consists 1in
comblning the cut-out reglon with the adjolning complete

box soctlion elither on the inboard side or on the outboard
sido into a combination bay (fig. 11) and cutting tho flanges
at tho onds of the combination bay. As 1lndicatod by figure
11, a combination bay will be tormed "type I" when the two-
spar part 1ls outboard and type Il whon tho two-spar part 1ls
inboard.

Stresges and deformaptiong of s gombinmation bay, type I.-
In the two-spar part of a comblnatlon bay of type I (fig.
11), the stresses are found by statlce and are glven by the
equations

xT X .
e 4+ =0 f(a1)
o = Ite Y | (C to D)
o .
T, = ' c D
e = Totg (C to D) (42)

The formulas for the stresses in the box part of a
combinatlon bay and for the warping of the entire bay de-
pend on the constructlon of the box part and will be glven
as before under mssumption A (only end bulkheads exist)
and assumption B (many intermediamte ribe exist). Under
assunption A, the formulas for the stresses are

T b WY x xX
O = \ -— =L ;1 . = =1
Abe * A / ( q) * ah (D to =) (43)
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) T d Xo Xy .

™ = Teers (1 + a.)4- B~ Bars (D to B) (44)
L a X, Xy '

Te = 2bet <? = E) ~ 2at, + 2at, .(D bo 2) (¢5)

Under assunption B, tkhe formulae for the stresses are

) sinh K(a-x) , Xy sinh Kx
o’ .—_ — E—————————
Abc sinh Ka A sinh Ka

T. cosh X(a-x IOK cosh K(g-x)
Ty 1 + K4 +
2bcty sinh Ka 3ty slnh Ka

(D to E) (46)

X4 cosh Kx
-
2ty sinh Ka

(D to %) (47)

T '1 cosh K(a-xf} X,E.cosh K(a-x)
¢ = 2bet, l_ B sinh Ka _| = 2t sinh Xa

XyX cosh Kx

D to E 48
* 2t, sink Ka (D to E) (48)

The formulas for thewarping of a comblnation bay may be
written in a general form valid under assumption A as well
as under assunption B Dby useing the coeifflicients p and
q pPreviously introduced. Warping caused by torque 1is
gilven by the formulas

O m Td mq?
= + —_ 49
Yo v P be 2bcAR (49)
T _ _T Td

The quantity w® 1s calculated by formula (21). The co-

efficlents p and q are calculated for the box part of
the comblnatlion bay by the proper formula for assumption
A or B, as the case may be, The terme with p and ¢
in formulas (49) and (B0) arise from the fact that the
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torque applied at the two-spar end oreates an X-group hav-
ing a magnitude Ed/bc at the Junotion between the Htwo- .

..spar part.and the box part. The last term in formula (49)

ropresents the deformatlion of the flanges in the two-spar
part; the values of A and ¥ ghould, therefore, be un-
dorptood to be the average values in the two-mwpar reglon.

Tho formulas for warping caueed by X-groups aie
w, = p'X, - qX4 (61)
| vy = oX, - X, (53)
whore p' 18 givon by formula (40).

Strogpgoes and deformatlione of n combination bay., type
Il.- For a combinntion bay of type II (fig, 11), tho for-
mulas for shoar strossoe mre the same as for a bay of
typo I. The formulas for flange stressos and for warping
aro roplaced by tho followlng formulns:

Td x xi .
O & rs-a (1 - —({) o+ A—- (D to E) (53)
Td O\ x Xy x

Td X3\ sinh Kx X, sinh K(a-x)
g = - + = +-9 0 D B

( Abe A slnh Ka A sinh Kn (0 %0 D) (55)
T = T -.T_g'_ -

_uo wt + g To - (66)

T ' wiT. 2wl +p 22y Td> ' (87)
. 1 P Tc * 2bokE

' Wo_.; '_px; - q_xi . - (58)

vy = aX, - p'X, - (59)

Modificationg of the roeurronge formula.- The partic-

~ular nerturo of n combinntion day makos it nocoesary to
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" modify - Blightly the two equations in which - the doforma-

* . tion at ono ond of ‘tle combinatlon bay 1s equated to tho

doformation of the adjoining bay. On the assumption
‘that the combination bay 1s the mth bay of tho boam, tho

' medifiod equatlons sre, for a bay of typo I,

qm-:l.xm-a = (‘Pm—i"'Pm') xm.‘.:L + qum = -wm—lT + meT (60)

ap¥py = (Pp+Pp4y) Xy + apesXpey = "m1T + WpgaT (61)
nnd, for a bny of type II,

‘lm-:l.xm-a - (P.m..l"'Pn) xm-:. + qum. = "'m-:LT + wﬂoT (62)
qum-z.' - (Pm.+Pm+1) x]:n, + Qm+1x'm+1 = -.-WniT + wm+1T (53)

The difforcnocos from the standard form consist in the
npooarance of tho tern p' 1instord of P 1in two places
and In tho mprearanco of two dlstinct torans for the torque
warping nt tho outboard end nnd st tho indbomrd end of tho
coibinatlon bay.

APPROXIMATE METHOD OF ANALYSIS

Calculatlions on typlcal wing structuros have shown
that tho bondlng etrossos duc to torsion nre scldom moro
than ebout ono-tonth tho direct boending stresses. Congo-
quontly, ar acecuracy of 10 porcent 1n tho celculatlon of
bending strossos duc to torslion will givo An acocuracy of
nbout 1 porcont on tho total stressos, which 1B anplo for
stross analysls. In nost practical casos, thon, the ein-
plifiod nothod of snelysis dAoscribod hore 1s sufflciontly
accurnto; casos 1In which » moro ancourate anslysls by tho
goncral nothod is adviesblo can be rocognliged by lnspoc-
tior. Roferonce may be 2ado to tho sectlion ontitled
"Gonoral Considorations" for slgn convontions snd other
prelinminerioss.

Approximate annlysls of o box without cut-outs.- The
actual cross sections of tha box (fig. 1) are transformed
into i1dcalized sectlions (fig. 2) by the mothod discussed
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in theé appendix. - The major disocontinuitles 6f the oross-
sectional dimensions and of the torque loading are lo-
erted by inepection .(wing root, locatidre. of wing engines,
location of landing gear? Tor any given discontinuity,
the quantities K, p, ﬁnd w? are computed by the formulas

L

8G

-]
£ = AE (b/b, + o/t,) (15)
= 3 X(2 . 0) ._¢ t
P ks " 15( by tc> T (50)
T - b e
v Bbc(tb ) (217)

where T 1g the applied torque and the superscript T 1in-
dicates that the wrrping w 18 caused.- by the torque; the
moaning of tho other nonstandard symbols 1s explalned dy
figure 2. - Two.vnlues of each of those quantities are cal-

“eulnted: one; denoted by the subsoript o, for the reglon

Just outboard of the dlscontinulty, »nd one, denoted by the
subsceript i, for thé region Just indboard of tho contlnu-~
1ty. Tox a root soction rigidly fixed, or for tho contral
plane of an symmetricnl box londed symmetriocelly (fig. 8),

"the quantities p; and wiT become gOTro.

Tho flange forces at tho discontinuity aro cqlcnlatod
by the formula

L 7 :

w - W - .

X = _2__:__1_ (64)
P, .+ Py i

from which the flange stresses follow as O - X/A. The
shorr stresses caused by tho discontinulty are calculated
by tho formulas

’
XK
' T ey |
_ > ' (65)
XX . .. .
Ta = = : .
..c Zto'J

To thoso ahgar.etreésop cruséd by thp discontinuity must

be' nddod tha shear stressos caussd by tho direct action of
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the torque, which-are given by the. bnsio formula for
shells in torsion

T = T
b 2bety )
(1
Te = z
€~ 3bot,

Tho valuos of tho strossos ¢ end T at n distance x
from tlio discontinulty Ppro obtained by multiplying the
strossos zilvon by formulas (64) and (65) by tho factor

e=XX, Tnig factor mny be used in the followlng manner to
indicate whether the novproximate method 1s sufficlently
accurnte iIn a glven crse.

. The rpproximate method 1s bersed on the assumption
that the stresses caused by a given discontinuilty are neg-
li7ible nt the location of the next discontinulty. 1IFf

an accuracy of 10 percent 1s considered sufficlent as sug-
gested, the approximnte theory 1s sufficlently acocurate

when 'KP < 0.1, where g 1 the dlstance between two
auccesaive diacontinuitiea along the span. In practice,
the specifled relative accuracy need be malntalned only

for the meximum stresses. The criterion e~%% < 0.1 need,
therefore, be met only for the reglon between the discon-

. t1ihulty ecnuselng the largest bending stresses due to tor-
sion (usunlly the root of the wing) and the nearost dis-—
continulty.

The flangze forces X at the root of a wing with a
carry-through bay (fig. 9) are obtained from the equation

(? + %%) X = wt (66)

where d 1s the length of a carry-~-tkhrough member as de-
fined in figure 9 and A .1s 1ts cross—-sectionanl aren.

Approximnte analysie of p box with cut-out.~- Whon the
discontinulty belng investigested 1s the Junctlon betwsen
A box reglon nnd n region with m full-width cut-out (two-
eprr reglon), formulm (64) must be replaced by more com-
plicated foraulas containing the propertles of the two-
spar reglon as well as the properties of both ad jolning
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--box.reglons. -Tvo.formulas are.necessary,. one giving ihe

forces X, at the outboard end of the two-spar reglon,
the other one glving the forces X; at the inboard end of

the tvo-spar reglon., The formulas are

- 46 - —w,T ™ Ta , 2876
<p° ML N LE) o Yoo * Wit *+ P be_ 3boAE (67)
.T p T4 74°G (68)
- + + —) Xy = - + - — ~ (6
(PO Py ) 1 Yo ¥i Po 3o ~ 2ZboAR 8

where 4 1s the length of the cut-out and A the area of
a corner flange 1ln thils reglon.

It may be noted that formulas (30') and (21') differ

by the factor G from the corresponding formulas (30)

and (21). The modified form glven here ie obtained by
eliminating the factor 1/G and replacing the faetor 1/B
by G/E, This procedure ilspermissible 1f 1t 1s applied to
each of the quantities p, p', q, and v, Dbecause the fac~
tor 1/G can be canceled on both sildes of ths formula for
the flange forces. The modifled form i1s more sultable for
numerical work than the orlginal form.

NUMERICAL EXAMPLES

The numerical examples will be based on a box beam
with the followlng propertles:

b. 1nchea L] L ] L] L] L] L] [ ] L] L ] L] - L] L] . [ ] L L] L] L] L ] L] 60
°| 11101195 . o . - - . . . . . . . . . . . . . . . Y 10
tb' 1n°h . . . . . . . - . . ¢ 'e - . o . . . . . . 0'040

tc' 1nch L) [ ] . - . ) * - . . . . [ L] . - ] . . L] e 0.080
A squAaro inches @ ® o ® 8 @ 8 e & e © o = o & o o 3.00

Total length, 1ncheB . . - o« o « o = s o o o s s o = 300
G./E . ® L] L) L] L] L] - . . [] 'Y . - . . . - 'Y . e . e 0-385

A torquo of 130,000 pound-~inches is applled in all cases.
For examploes of boams with variable oross section, the
values of ty, t,, and A 1in the outboard half of the

‘ boam will be assumod to bo half as largo as the basic vale-

ues Just given. In o to mplify tho calculgtlion of
the guantitice w, p, p', and g, tho factor 1/6¢ will al-
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ways be omiﬁtéd. and the factor 1/E will be replaced by
G/B gns dilpcussed ip the vreceding gection.

Ixample 1.~ The box is bullt in at the root and has
only one bulkhead at the tip. ¥No intermediate rive ex-
ist. The torque is applied at the tip. TFind the stresses
in the box, :

The entire box constitutes a slngle bay, because no
bulkheads or ribs exlet except at tha tip. There is only
one unknown X; which acts at the root. ¥or a single un=-
known, ths system of equations reduces to the slngle equa-
tion

- L7, = '"1T

The value of w,T ig, by formula (21),

p _ 120000 60 - 10

= - = 34,375

¥a" ¥ § X 60 x 10 \0.040 ~ 0.080

The value of p, 18, by formula (23),
_ 800 x 0.385 | 1 60, _10 - 1351

L5 3 X 3.00 8 x 300 \0.040 0.080

The solutlon 1is

X, = %%ﬁgf = 2640 pounds

o .§§%% = 847 pounds per squire inch

From tho maXximum ?aiuo ét:t&e.root,-the flange strossos
deeroaso linearly to zoro at tho tip.

. The baslc ‘shear gtresses caused by ‘the torque are, by
formaula (1), . N T

T, w 120000 -
2 x 60 X 10 x 0.040

2600 pounds- per square inch

120000
2 X 60 x 10 x 0,080

1250 pounds per square inch

Te =
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The shear streabes caused by-the X-foroce are; by formula

(s),

2540 :
Mo = - - =
b 2 X 300 x 0,040 106 pounds per square inch

2540 '
Te ® 37X 500 x 0.080 ~ oo Pounds per equare inch

The final shear stresses are therefore

2600 - 106 2394 pounds per sgquare inch

T

T
c

1260 + 53

1303 pounds per square 1inch

Example 2.~ Tra Ptox 1g divided into four bays by bulk-
heads, bu% no lntermedliate ribe exist. The torque is ap-
plied at the tip. Find the stresses in the box.

By formula (21),

w,T = w,T = wyT = w,T = 34,375 (as 1in example 1)

By formula (23),

75%x0,385 , __1 ( 60 ,_ 10\ = 5.91
& x 3,00 8x75 \0.040 0.080

p1=Pa=P3=p4=

By formula (27),

75%0.%85 . __ 1 60 ,__10

- = 1l.10
6 x 3.00 8x756 \0.040 0.080 2

The system of equatlons for X 1s therefore:

- (5.91 + 5.91)X; + 1.102%X;

~34,375 + 34,376

1.102%, - (5.91 + 5.91)X; + 1.102X, = -34,375 + 34,375

1,102X; - (5.91 + 5.21)X, + 1.103X, = -34,375 + 34,375
1.102X, ~ 5.91X, = -34,375
The solution of thils system 1s

i, = 5 pounds
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X; = 52 pounds

586 pounds

Xa

Xs

6920 pounds

The sghear stresses in the root bay canused by the X~
forces are, by formulas (6) and (7),

5920 556
- . + = - 894 pouad
T 2 X 75 x 0,040 2 x 75 x 0,040 quar: f2ch
5920 556
= - = 447 a
Te 2.x 75 x 0,080 2 x 75 x 0,080 EZESrZ fiih

The fingl shenr stresses 1in the root bay are therefore

= 2500 - B94 1506 pounds per square inch

Ty
Tc'= 1250 + 447

1697 nounds per square inch

Figure 12 shows graphlcally the spanwlse varlatlon of
the flange forcos for this beam and for benms divided into
n=1, 2, and 3 bnys, as well as for a beam with many
bulkheads, which will be mrnalyzed in the next example. It
may be noted that the flange force At the root obtalned in
this example for a bulkhend epmcing of 75 lnches difiers
only by nvout 12 percent from the corresponding value for
the bcocx wiith infinitely many dulkheads.

Bxample 3.~ The box has n tip dulkhesd and many inter-
medinte ribs. The torque 1s applied at the tip. Find the
stressos in tho box.

The ontire box 1s considered a single bay. Ths valuo
of w! ig the same as in-the preceding examples. By for-
mula (15),

x® - 8% 0.385 _ g,000632
3 x 1625

therefore
K = 0.,0251
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By“férmﬁla“(30>r ' T e

o

p = 0.385 4 0-0261 x 1635 _ g ;4
2 2 x 0,0251 x 3,00 16
s
i and, by formula (22),

34375

wT
X, = B % TB.l = 6740 pounds

The spanvwlse varliation of the X-force 1s calculated by for-
mula (13)

X = x. &ginh Kx
! ginh Ka

The shear stresses are obtalned by combining the ashear
stresses caused by torque given by formula (1) and the
shear stresses caused by X, given by formulas (16)., TFig-

ure.l3 ghows tho streseses in graphical form.

Example 4.~ The box has end bulkheads and many inter-
mediate ribs. The torque 1s applied nt midspan. Find the
stresses 1ln tho bvox.

By formula (21),

w1T = 0

w,T

34,375 (See example 1.)
From exsmple 3,

X 0.0251

Ka 0.0251 x 150 = 3.76

By formula (24),

P =p = 0.385 1 .76
1 @ 2o x 0.0251 x 3.00 |0.999 (21.5)

. 3.
0.0251 x 1625 [ 1 + 76 ] = 5.11

16 0.599  (21.5)°
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By formula (28),

0.385 1 .76 X.31.5
q_1=q_a=— - + >
2 X 0,0251 x 3,00 21.5 (21.5)

4 0.0251 x 1625 [ 1 3.76 X 21.5] _ oz
16 21.5 (21.5)3

The eystem of equatlons obtalned by applylng the recurrence
formula 1s thereforse

- (5.11 + 5.11)X, + 0.238X; = -0 + 34,375

0.238X, - 5.11X, -34,375 + 0

The solution is X, = =3510 pounds

X 6560 pounds

3
Figure 14 showsa the flnal stresses in graphical form.

A comparison of figures 13 and 11 indicates thet the
stresses at the root change very lilttle when the spanwiss
locatlion of the torque changes from the tip to mldspan.

The local stross poaks at the midspan torquoe are much lower
than the peaks caused at the root dy the samo torque.

Exawples 5, 6, and ?7,~- For the following threo oxamplos,

only the finsal resultse are shown in graphical form. It 1s
aesumed ln all three examplee that there are many intermeodl-

ate ribs,

Figuro 15 (example 5) shows the stresses in a box of
constant cross soction with many ribe, subjectod to the
actlon of fivo equal torques ovonly spaced along the spnn.
The sum of the fivo torquos i1s equal to the torque of
120,000 pound-inches used in the provious oxamples. Tho
stressos nt tho root 2ro noarly oqual to thoso calculatod
in oxamplos 3 and 4, showing again that tho root stresscs
depond chlofly on tho total torque At tho root and vory
l1ittlo on the distributlion of this torguo.

Figure 15 (oxamplo 6) shows tho stressocs in a box under
tip torque when tho thicknoss ¢, and %, and the flango
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. aroa,,_A 1in theo outboard half are roduced to one-half

tholr baslc vaeluoes. “The ‘discontinuity in the dimensions
cauces local etress peaks.

Figure 17 (example 7) shows the stresses in the box
of the preceding example when the torque is applied at

- midepan.

Expmple 8.~ The box of example 3 1is attached to a
carry-through bay (fig. 9); the length of this bay is
d = 30 inches, the crosse-gsectlional nrea of each member
in 1t 1s A = 3.00 square inches. Find the X-foroce nat
the root.

From example 3,

P = 5.11
wl = 34,375
q =0

By formuls (40),

30 X .08

p' = 5.11 + 0 % 80 5 - 8.96
By rTormula (39),
-8.96%; = -34,375
X, = 3840 pounds

Comparison with example 3 shows that the presence'of the
carry-through bay reduces the maximum flange force bdy
about 40 percent.

Hixgmple 9.~ The box of example % has the top cover
and the bottom cover removed over the region from x = 150
to x = 180 Inches from the tip. Find tre X-forces along
tho span.

Tho two-gpar roglon will Do combined with the reglon
betwoon 1t and the root to form a combilnatlon bay of type
I. 3y formulns (24) and (28),

p, = 5.11 q, = 0.224
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By formula (40),
py' = 8.91

By formulas (49) and {50),

34,375 + 30,350 + 11,540 = 76,265

€
It

€
V]
I

= 34,375 + 3,010 = 37,385

By formulas (60) and (61),

-(5.11 + 8.91)X;, + 0.502X; = -34,375 + 76,265
0.505X, - 5.10X, = -37,385

The ecluticn of these equatlons 1s

X, ~2735 pounds

Xa

7120 pounds

The X-force at the Junctlon between the twc-spar part
and the box part of the comblnation bay is obtalned frocm
formula (41) after multiplyling through by A:

x = 30 X 120000 _ 5535 - 3265 pounds

60 x 10

The spenwise distribution of the X-force 1s shown in filgure
18. :

Expmple 10.- Solution of example 9 by the approximate
method.

By formula (15), as in example 3,

¥ = 0.0251

By formula (307),

o = 0.385 4 0.0251 ¢ 60 . 10 \_ .,
2 x 0,0251 x 3.00 16 \0.040 0.C80
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By formula (211),

—r o

Wl = 120000 ( 60 _ 10 = 34,375
8 X 60 Xx 10 \0.040 0.080

Furthermore,

_dg _ 30 X 0.386b = 3.86

AT 3.00
Id _ 120000 X 30 _ gooo
bo 60 x 10
T4
=Y .=

1 I 0,560
3

Ta"8 - 313,s50

2bcA3

At the root, by formula (64), with py; = O
_5.11% = 34,375

X

6725 pounds

At the outboard end of the two-spar region, by formulas (67),

- (5.11+5.11+-’5.85)Xo = -54,375 + 34,375 + 30,660 + 11,E50

X, = -3000 pounds
Similarly at the inboard end, by formula (68),
X; = 3000 pounds

In this particular caso, Xj 1s odual to X, because tho

box inboard of the two-spar region has the samo dimenslions
and the same torque loading as the box outboard of the two~
spar reglon.

At a station 50 inchos from tho root, tho vaRluoe of X
1s reduced by the factor e~—EX:

Xgo = 67256~ 1°856 = 1915 pounds




28

At the same station, there 1s a contribution frem X4.
" The distance from X; equmsls 70 inches; therefore,

Xgo = 300007 1°787 = 518 pounds

The total force at this station ig, therefore,

Xgo = 1915 + 518 = 2433 pounds

The values of X obtslinnd by the approximate method are
showrn a8 clrcles in flgure 138.

Langley liomorial Asronnutical Laboratory,
¥ational Adviscry Committee for Aeronsutics,
Lerngley Field, Va,

APPEADIX
TRA¥SFORMATION OF ACTUAL BEAM SECTIONS INTO

IDEALIZED SECTIOHNS

If Yhe web of a plnte girder 1s mssumed to furanish no
contributlion to the bendling strength of the girder, the
sectlon modulus of the gilrder is glven by the cexpression
hAp, where Ap 1ls the cross-sectlonal area c¢f a flange.

The section modulus of the woeb actlng alone 1s glven by

the oxprossion %hat. The soctlon modulus of the ontirc

girdor 1s
Z = h(AF + %ht)

The retunl glrdor may thoreforo be roplaced for tho purpose
of computing oxtrome flbor sirosses by a flctitious girdor
having a web carrying only shoerr stressos and A flango hav-

ing an aroca oqual to (AF + %ht). This substitution is os-

peci=11l7 usoful whon four girdorse arc comblnod to form a
box, bcenuso tho condltlon of continulty of streescse along

the odgos 1s thon automatically fulfilled. Tho fictltlous

flango aroa becomos, for this canso, Ay + %btb + %cto.
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¥hon longltudinal stringers arc rivoted to tho wob,
the samo substitution may be used 1f ht 1s understood to
moan tho cross-soctlonal area of all material offoctlve
in bonding, oxclusive of the concentrated flanges thoem-
solvos. Oare must bo taken, however, to use reduced areas
where the stringers are interrupted by cut-outs.

The thickness of the flictitious wedb capable of carry-
ing cnly shear setreeses may be made equal to the actual
thickness of the web. This method i1s approximate, but 1%
18 sufflclently accurate in most cases. When the web forme
dlagonal-tenslon fielde, an nppropriate correction must be
made to the shear modulus.
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Figure I~ Box bearh under +orque loads.
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Firuro S5.- Strosecs causod by Iy-zroup in a bay without intormeidlate
ribs.

Fizure 6.~ Streoescs caused by Xj-group in a bay with intornodiato ribs.
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